document resume 

24 



SE 004 939 



ED 024 572 

the Feas.bility of So.e Extens.ons of School Anth.et,c F.nal Report. 

SponTA^TcrOffice of Education (DHEW). Washington, D.C. Bureau of Research. 

Report No*CRP'S"399 
Bureau No* BR" 5* 80 1 7 
Pub Date May 68 
Contract- OEC-5- 10-367 
Note* I8p. 

EDRS Price MF-S0.25 HC-$100 c u i Ma.+k<ansA+irc Fractions. ♦Instruction, Mathematics 

Descriptors- tArithmetic, .Curriculum, .Elementary School Mathemat.es, f ract.ons. 

Identifiers- Chicago,, Illinois, University of Chicago , nf attainina a working 

of Chicago during 1964-65. Among the . 7 jts infinite decimal 

SrSatUn^'af be built on or developed 

independently of fraction facts. (RP) 



t'. 



h 



U.S. DEPARTMENT OF HEALTH, EDUCATION & WELFARE 
OFFICE OF EDUCATION 



THIi’ DOCUMENT HAS BEEN REPRODUCED EXACTLY AS RECEIVED FROM THE 
PERSON OR ORGANIZATION ORIGINATING IT. POINTS OF VIEW OR OPINIONS 
STATED DO NOT NECESSARILY REPRESENT OFFICIAL OFFICE OF EDUCATION 
POSITION OR POLICY. 



S’O! 7 

^ i 



FINAL REPORT 
Project No. S-399 
Contract No© OE-5-10-367 



INVESTIGATIONS CN THE FEASIBILITY OF 
SOME EXTENSIONS OF SCHOOL ARITHMETIC 



May 1968 



U, S. DEPARTMENT OF 
HEALTH, EDUCATION, AND WELFARE 



Office of Education 
Bureau of Research 



U.S. DEPARTMENT OF HEALTH, EDUCATION & WELFARE 
OFFICE OF EDUCATION 



THIS DOCUMENT HAS BEEN REPRODUCED EXACTLY AS RECEIVED FROM THE 
PERSON OR ORGANIZATION ORIGINATING IT. POINTS OF VIEW OR OPINIONS 
STATED DO NOT NECESSARILY REPRESENT OFFICIAL OFFICE OF EDUCATION 
POSITION OR POLICY. 



INVESTIGATIONS ON THE FEASIBILITY OF 
SOI® EXTENSIONS OF SCHOOL ARITHMETIC 



Project No* S-399 
Contract No. OE-5-10-367 



GEORGE FJiEIN 



May 1968 



The research reported herein was performed pursuant 
to a contract with the Office of Education, U. S. 
Department of Health, Education, and Welfare o Con- 
tractors undertaking such projects under Government 
sponsorship are encouraged to express freely their 
professional judgment In the conduct of the project 
Points of view or opinions stated do not, therefore 
necessarily represent official Office of Education 
position or policy. 



THE UNIVERSITY OF CHICAGO 



CHICAGO, ILLINOIS 



ACKNOWLEDGMENTS 



This study owes its existence principally to Professor 
William H. L, Meyer of the Department of Mathematics of the 
University of Chicago who, as one of the planned chief 
tors, shared in the organization, design and imple^ntation of the 
original proposal. Unfortunately, because of the late date of 
funding, he was lured away by a Science Faculty Fellowship for 
study in Germany, and was thus unable to participate in the inv 

tigative work itself. 

Thanks are due to Professors Marshall H. Stone and Saunders 
MacLane for their time and judgment generously given to examine 
the mathematical results on which this work was based. 

As principal cooperating teacher, Mrs. Patricia Walker 
Hindman pave counsel and guidance to the proceedings, as we 

identifying areas of investigation to which her of^the 

contribute. In fact the entire Department of Mathematics of ^he 
University High School is owed a debt of thanks ^ con- 

siderable number of departmental meetings to preliminary 
and screening of ideas. Its Chairman, Miss Lenore John, and its 
Consultant Member, Dr. Margaret S. Matchett, were especially 

helpful. 

We are in debt to Professor Alice Go Hart of the Department 
of Mathematics at the University of Illinois 

to Mr. Donald Lund, Mr. James IfeKey. and Mr. Budd Bodine of tne 
Department of Mathematics at Komewood-Flossmoor School ^r 

their participation in the evaluation discussions which follow 
units of classroom experimentation. 

Mrc Willard J. Congreve, Assistant Director cf the I,aboratory 
Schools and Principal of the University Hign School 
study, took valuable time from his duties to observe the classroom 
procLdings and to write his evaluations which are included herein. 

Thanks are also due to the many staff members of the Labora- 
tory School whose help contributed to the success of this project. 

Finally, this project was possible only through the 
ment of Dean Roald F. Campbell cf the Graduate Scnool of hducation 
of the University of Chicago, and his predecessor, Dean Francis S, 
Chase, and Francis V. Lloyd, Jr.. Director of Pre-Collegiate 
Education, who provided support to this project from its inception, 
before there was any assurance of its funding. 



ii.. 



INTRODUCTION 



The past decade has seen curriculum improvement projects on 
an unprecedented scale •• Their most noteworthy accomplishments 
have been, up to now, in altering the climate of receptiveness 
for change. The reform movement known as "New Math" has provided 
& framework and a rationale to support a more abstract outlook on 
the structure of arithmetic, and has introduced elements of geom» 
etry, algebra, and logic at very early levels. 

But this is only a first step, and the many major curriculum 
improvement projects which have brought about this change of 
climate and outlook have helped to point out the need for a far 
more ambitious upgrading of the intellectual and factual content 
for the elementary mathematics curriculum<, It is unfortunate 
that one concurrent trend has been the downgrading of common 
arithmetic for the purpose of providing time and effort for con- 
cepts required to support the more sophisticated abstract mode 
of development of mathematical skills and understanding. 

By and large this has merely provided alternate means of 
attaining goals within the elementary curriculum which are not 
significantly greater than those attained in the curricula which 
i^vabeen subjected to improvement. Nevertheless, it is clear 
from some of the published deliberations of highly influential 
professional groups and individuals ( |2j , (5J , (9J , ^.lOj ) that 
improvement in content of a substantial character will be re- 
quired to realize the anticipated goals of the upgraded secondary 
curriculum. Ne must be prepared for the fact that an improved 
curriculum which calls for calculus as a ninth or tenth grade 
course will also req?iire that the elementary curriculum in arith- 
metic provide a foundation adequate to support such an enterprise. 

It was for this purpose that this study was undertaken. The 
objective was to explore within the elementary mathematics cur- 
riculum how to attain a working competence in the arithmetic of 
the full real number system, and to explore means of removing 
some of the major obstacles, still existing within the improved 
versions developed in recent years, that stand in the way of this 
objective. 



^Numbers in square brackets refer to the list cf references, p. 15 
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The program whose feasibility was studied in this project had 
been developed in previous years by its proposers. Its essential 
components had been tried out at various points of the secondary 
and college levels, but its viability at the elementary level re- 
mained to be established o 



The central principle of the program is that the most natural 
route to the arithmetic of the reals is through the infinite deci- 
mals. This approach lacks appeal to those who feel that abstrac- 
tion is the essence of mathematics, but it has proven very effec- 
tive to exploit the special concrete features of , 

presentation of the reals such as the decimals. The material ha 
been tr^^ed out in experimental courses in analysis for graduate 
students in science pi [6], college calculus courses, and in a 
junior high school course, all at the University of 5^ 

was also presented in a television series, produced by .he 
Program for Airborne Television Instruction, consisting of 64 halt 
hour lessons designed as pre-calculus course for junior and senior 
high school students o There was a course manual prepared and 
published [7l which outlines the approach 



Arrangements for the conduct of this study were made with 
the cooperation of the Mathematics Department of tne University of 
Chicago Laboratory Schools c It was of course necessary to procee 
so that the interests of inquiry and students* needs did not con- 
flict. Fortunate]! V no such conflict arose; in fact, the adapta- 
tion of our material to the needs of the students resulted in 
considt^rable improvement of the material. There were three major 
areas in arithmetic that were treated at the suggestion 
teacher, Patricia Walker Kindnmn, of the combined 7th and 8th grade 
(Pref resbman) class that was selectea for che stud/. These were 
the treatment of signed integers, fractions, and Infinite decimals. 
Mrs. Hindman* s description of the class and her comments on the 
significance of the trials is included later in this report. 



Two other groups of pupils also participated in this study. 
One was a selection of fifth graders, available because of a 
scheduling situation. These pupils helped explore a means of 
developing the infinite decimal independently of fractions, using 
some commonplace mechanical devices as analog computers of sorts. 



The third group consisted of some sixth graders attending the 
neighboring Kenwood Elementary School. They were members of Kento, 
a local church after-school organization, sponsoring educational 
enrichment activities for neighborhood children. This group 
verified a ready source of interest in infinite decimal arithmetic 
among the general school population. 
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METHOD 



This project, being experimental i.n character and limited in 
time and resources, was able to develop only informal objective 
instruments of evaluation. But many expert observers were able to 
examine the various aspects of the procedures and evaluate the 
effectiveness of the program tested « The judgments expressed, 
often subjective, were a positive influence in the course of the 

study. 

Prior to the project itself, Professors Saunders MacLane and 
Marshall Ho Stone examined the theoretical foundation for the 
treatment of the reals as developed in this program and were a le 
to assure us of its validity. Processor Stone ii.icluded a state 
ment regarding this program in his critique of the Cambridge ^ 
Report (riOl , p. 359). Also, prior to the project itself, during 
the year '(1963-1964) when the proposers were conducting an experi- 
mental junior level course at the University of Chicago High School, 
a series of department meetings were devoted to reviewing the 
tents and results attained in that course* Also discussed were the 
iiplications of that experience for design of the curriculum, par- 
ticularly matters that were recurrent concerns of the Department. 
Members of the Mathematics Department of the Middle and High Schools 
who participated in those discussions were: Miss Pamela Ames, Mr. 

Max Beil, Miss Betty A. Cacioppo, Mrs* Carol Dalrymple, Miss 
Margaret Eason, Miss Maryanne Garbarino, Mrs. Patricia Hindi^n, 

Miss Lenore John, Mrs. Gladys Junker, Mrs. Rachel Larson, Miss 
Elizabeth Jo Lawrence, Dr. Margaret Matchett, Mr. Lynn Meedon, Mr. 
Paul Moulton, and Mr. Richard Muelder. 

There was general agreement that three troublesome matters 
were creating mounting pressure. One was the delay in introducing 
signed numbers and the awkardness in extending the rules of ant 
metic to them, particularly the rule o;c signs in multiplica ion. 

A second matter of concern was the low level of achievement in the 
arithmetic of fractions, and the prohibitive effort needed to ^ 
develop from them a model of the reals along the lines of Dedekind 

cuts . 



The second curriculum problem above led to the formulation of 
the main and third objective. This was to determine the feasx- 
bility of developing infinite decimal arithmetic directly, xjithou 
building on the arithmetic of fractions. However expedience made 
it necessary to develop the decimals from fractions rather than 
directly from integer arithmetic. This was because the predominate 



share of the classroom work was with an advanced section of the 
Pre-freshman class taught by Mrs. Hindman with which the project 
previously had developed some extra facilities with rractions. 

Mrs. Hindman, who participated in the discussions 

other members of the University High School 'up 

ment felt that her class would be a particularly fitting group 
with’which to test the program tliat the proposers had outlined 
durinl tS meetings. Accordingly, this class was the principal 

testing group* 

There were two other groups of pupils who participated in 
this study. One was a group of fifth graders new to the Laoora 

tL'^»rstudy“sfwere"turnefover^^ 

.cnnnA of these groups was made up of pupils in an after- 
The second of ® grade pupils from Kenwood, 

Qrhool program ror public scnooi sixtu gr p f 

a neightorhood adjacent to the University of Chicago. 

^ror-anized by Miss Sharon Friedman of the Laboratory Schools. 
Th^ thfldr:: volunteered for P-S-m of enrictaent a^ 

and Mr. Klein presented some or tne worx in infinite 

them. 

The procedure used with Mrsi Hindman's class was to discuss 

tests and class exercises to determine these skillo. 

Each unit of work was planned jointly by Mrs. Hindman and ». 
Klein. The classroom procedure was based on worksheets prep r 

before each class. 

The classroom procedure was informal and 

comments on their reaction to the material. Ites. 



time to make comments on cnexi ^n 

“slLsIonlectU^aow.’^^ the'torrwir the pupils proceeded 

vtLed tbe project more formally at the regular Department meetings. 

During the quarter (January - March 1965) 
experimental program was tested there were a number of visitors 
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to the class both from within the University and from outside. 

Both Mr. Francis V. Lloyd, Jr., Director of Pre-Collegiate Educa- 
tion, and Mr. Willard Congreve, Assistant Director of the Labora- 
tory Schools and Principal of the High School, visited the class 
in session. Mr. Congreve’s comments and observations are given 
below in the Discussion section. Other interested persons from 
the Graduate School of Education also visited the class. 

Visitors from outside the University included Dr. Lauren G. 
Woodby of the U. S. Office of Education, Professor Alice G. Hart 
of the University of Illinois at Chicago Circle, and Professor 
Taffee Tanimoto, Chairman of the Department of Mathematics, 

University of Massachusetts, Boston. 

The progress of the project was discussed in several meetings 
attended by members of the University High School Mathematics 
Department, and other interested teachers at the Laboratory 
Schools, by Mr. Budd Bodine, Mr. Don Lund, and Mr. James Maxey of 
Homewood-Flossmoor High School, and by Dr. Lauren G. Woodby, and 
Professor Alice G. Hart* During these meetings valuable sugges- 
tions and observations were made which benefited the program and 
aided in its evaluation. 

The procedure followed with the fifth grade group was less 
formal: Mr. Klein worked alone. The fifth grade teachers, Mrs. 

Carol Dalrymple, Miss Betty Ann Cacioppo and Miss Elizabeth Jean 
Lawrence, were able to visit the sessions frequently and supplied 
background information regarding the individual pupils participating. 

The evaluation of this phase of the project is very subjective, 
but these teachers were able to concur in the evaluation of the pro- 
gram as discussed with them by Mr. Klein. 

The work with the Kenwood after -school group was even more in- 
formal and the testing was very exploratory. These children were 
sixth graders visiting the Laboratory Schools. These visits were 
once a week for several months. They were a part of a voluntary 
enrichment program called Kento, organized by Miss Sharon Friedman 
of the Laboratory Schools, in cooperation with a neighborhood 
church community group. The pupils also visited the Computation ^ 
Laboratory of the Graduate School of Education. They used some or 
the mechanical devices and problem material also used with the other 
groups. Mrs. Fay Abrams, a fourth grade teacher at the Laboratory 
Schools, observed most of these meetings. The evaluation of this 
phase of the project should be considered subjective except for the 
worksheets that were retained for later examination. 
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RESULTS 



The results of this project are based on the level of per- 
formance and development of mathematical sophistication on the 
part of the participating pupils. Time and personnel resources 
were not available to design test instruments to measure this 
type of achievement statistically. But there is no doubt in the 
mind of the investigator that judgments of the experienced teachers 
participating in this study represent a more reliable basis for 
evaluating the significance of the experiments. 

Mrs. Hindman prepared written tests based on the work in her 
class which she used for grading purposes and assessing the ef- 
fects of the classroom work on her pupils. Her report i.-'^ ?lven 
in the next section. 



Some impression of the character of the work done in Mrs* 

Hindman’s class can perhaps be best conveyed by a topical descrip- 
tion of the material tested: 

Signed Inte gers . Three independent interpretations of signed 
integers were developed: location indicators on a number line, 

transformations on the number line -- directed translations, and 
as arithmetical additive inverses. The equivalence of these 
notions was developed through exercises showing the consistency 
and dependability of results obtained by interchanging the notion 
on which the computations were made, A side product of tnis work 
was the rule of signs in multiplication. This rule was also 
verified by reference to the change in area of a rectangle made 
up of unit squares, when the sides are reduced. 

The classroom work showed that the contrast of several 
points of view not only gave each student a choice of approach, 
but showed that there is little basis for not introducing negative 
integers much earlier in the curriculum . 

Fraction s* This material represents a significant departure 
from the usual treatment of this subject, which traditionally is 
based on multiplication facts. The development was based on new 
methods of obtaining fractions equal to given ones - the new ones 
fulfilling a variety of specifications. The principal novelty 
centered on means of obtaining these equivalents by changing nu- 
merators and denominators ’ through addition rather than multiplication. 

Decimal Arithmetic . The above ideas became powerful instruments 
in establishing a smooth link to finite and Infinite decimals, and 
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led to quite interesting arithmetical procedures. Mathematically 
significant constructions such as infinite continued (numerator) 
fractions were also developed: the core ideas also provided a 

handily available equivalence of the fractions and repeating deci- 
mals which is quite complete. As an illustration of this we cite^ 
the result obtained that every rational number has a fraction equiv- 
alent of the form W/ 99.. 90. .0 (xvhere N is an integer). For the 
latter, we had routines that efficiently produced the repeating 
decimal equivalent. 



The infinite decimal arithmetic was of course our main in- 
terest and the preparatory work in fractions led very naturally 
to this material. One highly significant result of this phase of 
the project is that a complete infinite decim al arithmetic canjae 
built and realized within the elementary cur rjxyj^. 
freshman class we developed this from fraction facts of a more 
comprehensive character than is usually provided. ^ But another 
phase of the study was to show that the introd i^tion^^ 
finite decimal arithmetic w as also feasible_b y_an_j£pr^ ach inde ;; 
*^i^^r^“£TrctAon_fa^ This means tliat much of the^wor^n 
inf in it e decimals can be initiated by the fifth ^rade if 
earlier. 



Topics developed in the Pre-freshman group ranged signifi- 
cantly further than suggested by the outlines included in the ^ 
Cambridge Report !5'< . These include the European Multiplication 
Algorithm for finite decimals (where the order of multiplication 
by^the digits of the multiplier are reversed). This style or ^ 
multiplication generalizes neatly to the case of infinite decimal 
multiplicands and multipliers, while the conventional procedure 
does not. It also is more inducive to correction methods (making 
allowances for changes in individual digits of the multiplier and 
multiplicand) and is closely akin to techniques of rapid mental 
computations 



The correction method can be used for a trial and error 
evolution of square roots: In fact we followed this procedure to 
formulate and Justify the usual square root algorithm. Applying 
this technique to cube roots, we developed an improved cube root 
algorithm. The pupils were thus treated to a participation in 
g8nuln6 ms.th6nia.tica. 1 research • 



A very pronounced interest was achieved by the Pre-Freo ^n 
pupils in every discussion or occasion where the notion of infin 
ity played a part. A particularly touchy issue concerned the 
equation, .9 = 1. The most acceptable grounds of support proved 
to be an assessment of the consequences to the familiar facts of 
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ari'.thnie tic that ifollowcd from its denial# Formal arguments > ap** 
peals to higher authority such as limit theory and approximation 
arguments were far less convincing to the pupils. It was quice 
clear that the notions held by pupils (even the more highly achiev 
ing ones) regarding the order structure of the real line are ex- 
tremely confused, and that the concreteness of the decimal repre- 
sentation was an incisive tool of clarification aside from the 
role of decimals in aritlimetic. 

The arithmetical competence developed was very far-reaching* 
The pupils were able to demonstrate as a class project their 
ability to add two infinite non-repeating decimals, never having 
encountered a problem of this nature before. The problem was 
formulated with the help of a consecutive number stamper, and the 
pupils were quite able to express the answer in a mathematically 
complete form. This class experiment was observed by Mr. Lloyd, 
Director of pre-Collegiate Education, 

Pupils were able to add infinite arrays of infinite decimals. 
These arrays were often more complicated than infinite series. 
Through its mechanical aspects of the schema, the multiplication 
of infinite decimals was shovm to be well determined. Other in- 
finite expression complexes such as 



were discussed. Continued fraction methods for evolving solutions 
to exponential equations such as 2^ = 3 were also treated without 
surpassing the interest or understanding of the class* 

The completeness property of the real number system is a 
central tool in this arithmetic program. That the infinite deci- 
mal representation of the real n^jmbers makes possible a mechanical 
demonstration of this fact is a critical step in establishing the 
real numbers by constructive rather than postulational methods. A 
kev result of this study was the full feasibility of obtaining this 
complet^ss in a mathematically rigorous way and within the under- 
standing of the elementary school student. 

The work of the fifth grade group was to show the feasibil- 
ity of developing the infinite decimal notation and usage directly 
from integer arithmetic and in a form mathematically independent 
of fractions. Mechanical devices proved to be very helpful in 
this regard, both in learning systems of notation and in guiding 
their operational usage. Devices used included U. S. and English 
currency, number stampers, number counters and a desk calculator. 
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Children readily learned to convert between the two money systems 
and worked with conventional English notation as well as one in- 
vented for U« S* coin combinatxons j 11203 denoting 1 hair 

dollar, 1 quarter, 2 dimes, etc*). Use of the desk calculator, 
an early version Monroe, with a hand operated carriage shift, v.’as 
particularly useful for suggesting infinite repeating decimals as 
an end product in long division. 

A result important to the study was the increased capability 
acquired by the pupils to design and adapt various systems of 
notation for special purposes. Miss Cacioppo's observations of 
this group is given in the Discussion Section below. 

Attendance of the after-school group of sixth graders (Kento) 
was not consistent so that programs of the various sessions could 
not be cumulative or formal. A positive result of the work with 
this group is that successful sixth grade pupils are capable of 
work in adding and multiplying repeating decimals, without prior 
stimulation of their interest, or special preparation of skills. 
The mechanical gadgetry very much engaged their attention, par- 
ticularly a gasoline computer mechanism newly acquired. 



DISCUSSION 



The results reported above do not require further interpre- 
tation. They are quite subjective in character and made by an 
investigator who cannot claim to be completely detached. 

An important factor in the feasibility of any^ program of 
this nature is the extent of student interest in the subject mat- 
ter and teacher assessment of the value of ««he program. These 
are aspects difficult to measure quantitatively, so the judgment 
of experienced and knov/ledgeable observers is important. The 
following commentaries are included, not as testimonials, but as 
evidence of the value of the program in the eyes of highly skilled 
educators, very much concerned for the interests of their pupils. 

The teachers. Miss Cacioppo and Mrs. Hindman, whose comments 
are quoted below were involved with the project over a prolonged 
period and were thoroughly familiar with the backgrounds of the 
participating pupils. Mr. Congreve is an authority on curriculum 
evaluation whose opinion is highly valued. 



Mrs. Hindman: 



During the 1964-65 school year Mr. Klein and Mr. W. H, L. 
Meyer taught a group of juniors at The Laboratory Schools. 

They reported periodically to the members of the Mathematics 
Department about what they were doing in this class. It seemed 
apparent to both Mr. Klein and Mr, Meyer that there was much 
similar material which could be done with younger students - 
perhaps students as young as the 12 and 13 year olds I taught. 
During the next school year at ray invitation Mr. Klein and 
Mr. lieyer observed in my classroom j made suggestions to me 
about possible topics and approaches, and lisr. Klein actually 
spent some weeks teaching about infinite decimals. I was 
delighted with the results and asked Mr. Klein to consider 
spending one academic Quarter of the following school year 
in my class. 

In my class there were 23 twelve and thirteen year olds - 
chosen because they were either good mathematics students and/ 
or particularly interested in mathematics . Mr. Klein and I 
woiked togetner with these students . during the winter Quarter 
of the academic year 1966-67. He took the initiative for 
determining the course of events in the class. We worked 
together writing and mimeographing materials. I supervised 
extra sessions of conference hours, EQual fractions and in- 
finite decimals were the two basic units. To make sure that 
each student understood the material, we gave periodic short 
Quizzes . 

The results of the quarter *s work were encouraging. The 
students voiced a positive liking for the material, and from 
my point of view as a teacher, this interest became obvious 
to me not just by the students' comments but by their willing- 
ness to work diligently both at school and at home. In part 
this diligence and basic interest came from the suitability of 
tne material for the students. Junior high school students 
are fascinated by patterns and the infinite, and these two 
ideas are the backbone of the unit on the infinite decimals. 
Also, junior high school students still need practice with 
fractions and decimals, but they are quite bored by the usual 
problems or arill. This material, by approaching fractions 
and decimals from quite a different point of view, offered 
the much needed practice. 

Aside from providing a positive climate of interest and 
motivation, the material extended far beyond the usual curric- 
ulum offerings in arithmetic. Pupils showed an interest and 
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aptitude for this part of the program. They were able to 
master and devise direct and indirect arguments; work with 
very advanced problems in arithmetic such^as multiplication 
of infinite decimals, irrationality of V2, and exponential 
equations such as 2^ == 3. The treatment of these problems 
involved the completeness property of the infinite decimal 
system which x^as a central issue for testing. The students 
were quite able to understand the use of this property and 
appreciate its significance, 

Mr. Congreve, Principal of the University High School visited Mrs. 
Hindman’s Advanced Mathematics section on January 7, 1966 to ob- 
serve the experimental class at work. The following is a summary 
of his remarks to Mr, Klein describing his reaction to the class, 

1. Impressed by industry of pupils: no evidence of any not 

involved. 

2. Impressed by excitement of pupils, 

3. Fundamental concepts required x-zere well understood; tools 
and background accessible so that pupils could resolve 
issues and questions they raised themselves. 

4. There seemed to be none of the usual fear of fractions 
and decimals; pupils exhibited no hesitancy in using 
fractions or decimals in numerators and denominators, 
even in mixed cases. 

5. Material., has some aspect of being programmed effectively: 
pupils working independently and at different paces; no 
formal instruction, just individual conferences among 
pupils and pupils with teachers. 

6. Class is action oriented, pupils obviously learning from 
their ov/n work; not as result of lecture by teacher. 

7. Looked for pupils in trouble but found none. 

Mr. Congreve would like to visit the class again to see ir the 
achievements of the pupils are incidental or are part of larger 
goals. That is, pupils are responding well to new and challeng- 
ing material, but so what and X7here is it leading to? One visit 
not enough to gauge this by independent observation. 

Mr, Congreve generally was very favorably impressed. The atmos- 
phere was pleasant and no stress was observed. Material inter- 
esting and in a format that is effective. 

Miss Cacioppo: 

This group of children could not participate in the 
foreign language program because they needed extra work in 
other subjects , or because they X7ere new to the school and 
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could not begin the foreign language program at their grade 
level. The majority of the children were in the latter 
category. The fifth grade teachers felt that the project 
developed gave a new direction to mathematics for most of 
the children in the group. 

.TI’To children who had a school history of being slow to 
grasp mathematical concepts found success x^ith Mr. Klein, and 
for a while really did not think that they were doing mathe- 
matics, since it had previously proved so difficult for them. 
This was particularly true for one boy when working with 
English money. For another child, it helped her to develop a 
sense of confidence in mathematics that lasted through the 
year. Another boy, always quiet in mathematics, was willing 
to get up in front of each fifth grade class to e^cplain how 
one of the machines worked. Speech making was difficult for 
him, but he really liked the machine and v/anted it run 
properly. 

There was a good deal of carryover for the other 
children in many different ways. Through conversation about 
the activities, other children x-zanted to become part of this 
group too. It may have been due to their dislike of French 
or German, but I really think there was quite a bit of envy 
of those children having an extra mathematics period. 



CONCLUSIONS 



The principal conclusion of this study is that it is feasi- 
ble to attain within the limits of the elementary curriculum a 
working mastery of the real number system by appropriate use of 
its infinite decimal representation as a vehicle. 

The study also showed that this arithmetic can be built on 
or developed independently of fraction facts. 

Time needed for inclusion of this material in the curriculum 
is available if improvements in the treatment of the arithmetic 
of signed numbers and fractions is exploited. Another resource is 
to be found in the use of mechanical devices which are readily 
available and x-7hich can serve as analog computers of a sort. 

These are especially effective for a program that develops the 
infinite decimals independently of the fractions. 
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Regardless of which system is developed first, the infinite 
decimals and the fractlor complement the arithmetic of each other 
in valuable ways. Tools of one system determine results in the 
other in a manner that can be pursued by elementary school pupils. 

The implications of these conclusions for curriculum design 
at the elementary and secondary levels are far reaching. For one, 
it shows that the goals of the Cambridge Report are not unattain- 
able, if experience and skill in arithmetic are made available to 
advance the mathematical maturity and sophistication of the ele- 
mentary school pupil. These higher levels of attainment can be 
realized in less- time than is now devoted to arithmetic. Time 
and opportunity to introduce geometrical and algebraic notions 
and skills can also be provided by a more comprehensive treat- 
ment of arithmetic. 

These implications are of course in direct contrast to many 
of the tendencies in the major curriculum improvement programs of 
recent years. The experience of this investigator is that the 
downgrading of arithmetic that is typical of these programs in- 
creases to the danger point the dependence of the learner on 
prior decisions regarding the definitions, laws, and axioms that 
are necessary to the abstractionist point of view. 



SUMRY 



Reform in the elementary mathematics curriculum in recent 
years has encouraged a new receptiveness for change, both in 
organization and in content in many parts of the world ( jlj ) , 

Much new material in algebra, geometry, and logic has been in- 
troduced along with the concepts and philosophy of the "New Math", 
But the trends have received criticism as well as encouragement 
from high quarters ( j‘3] , |4j); much of the concern is about the 
role and treatment of arithmetic. It is widely recognized that 
an effective model of the real number system is needed as a basis 
for a significantly improved secondary mathematics curriculum 

L^T » » D-QO » only to clarify the theoretical foun- 

dations for algebra and geometry, but to make possible a suitable 
high school course in calculus. 

There are various ways to establish such a model. The tra- 
ditional method is through the rationals and Dedekind cuts. This 
not only is an exhausting program to complete, but is decidedly 
unappealing and unsuitable to school mathematics. This project 
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was designed to test the viability of a more concrete represen- 
tation of the reals in the form of infinite decimals , within the 
limitations of the elementary mathematics curriculum. Part of 
this feasibility test was to investigate means of removing some 
obstacles in the usual presentation of arithmetic that take up 
much valuable time. Two of those dealt with were the arithmetic 
of signed integers and the arithmetic of fractions. 

The theoretical basis for the program was examined earlier 
by Professors Saunders MacLane and Marshall H. Stone ( j lOJ ) of 
the Department of Mathematics at the University of Chicago. The 
program itself was tried out earlier at various higher levels in 
the curriculum, ranging downward from post-graduate, under- 
graduate, and high school levels at the University of Chicago. 

With the cooperation of the University High School Mathematics 
Department and support of the Graduate School of Education it 
was possible to verify that it is feasible and within the re- 
sources of the elementary mathematics curriculum; 

1) to extend arithmetical competence to a working mastery 
of the complete decimal model of the real number system; 

2) to accomplish this goal without exhausting the interest 
and raotivation of the pupils; 

3) to improve the treatment of topics such as the arith- 
metic of the signed integers and fractions which pre- 
sently are troublesome and time consuming; and 

4) to develop the infinite decimals directly from mechanical 
instruments and notation, or from fraction facts suit- 
ably adapted and extended. 

The evaluations stated above are subjective in character and 
are presented as the conclusions of the chief investigator of this 
project, George Klein, by no means a detached observer. However, 
the progress of this study was at all times under observation and 
counsel of experienced and skilled teachers, administrators, and 
authorities in this subject area. They are not to be held re- 
sponsible for the conclusions as stated but their observations 
give some assurance of their validity. 

A significant feature of the program tested is its decidedly 
non-postulational character. As a matter of principal, axioms and 
other paraphernalia of the abstractionist viewpoint are avoided as 
being irrelevant to proper educational goals of the elementary 
curriculum. The notations and algorithms are as concrete as 
possible, but nevertheless results of wide generality and sophis- 
tication are important components of the program. 
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